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core. The shear stress variations in the core are plotted in Fig. 7 for
h=h f D 10. The interface shear stress reduces as the Eh=E0 ratio
is increased. The maximum reduction of 20% occurs for the case
Eh=E f D 1, for which the core elastic modulus varies exponentially
from E0 D E f =1000 at the center to Eh D E f at the core–face-sheet
interface. Figure 8 shows the ratio of shear stress at the interface
for differentvalues of Eh=E0 ratio and h=h f ratio. The reduction in
shear stress at the interface increaseswith increase in h=h f ratio (or
for beams when the face sheet is signi� cantly thinner than the core).
For the example problem the reduction in interface shear stress is
42 and 63% for h=h f values of 20 and 40, respectively.

Summary
The elasticity solution obtained for a simple functionally graded

beam has been extended for a sandwich con� guration. The stresses
calculated from the elasticity solution were used to demonstrate
the reduction in face-sheet–core interface shear stress possible by
functionally grading the sandwich core elastic properties.
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I. Introduction

G EOMETRICALLY nonlinear analysis of shells for small
strains and large rotations can be described in terms of three

key steps: derivationof the geometricstiffnessmatrix, iterativesolu-
tion of the governingequations,and stress retrieval and updating. It
is the derivationof the geometricstiffnessmatrix and stress retrieval
for thin shells that is the focus of this Note. Here the geometry of
the shell surface is approximatedwith � at triangularshell elements,
each of which is composed of a membrane and a plate element.

In the literature a number of methods exist for the derivation
of the geometric stiffness matrix of shells. These are based on
classical nonlinear shell theory represented as a two-dimensional
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Cosserat surface, three-dimensional elasticity degenerate shells,
and perturbation methods. The excellent comprehensive review by
Ibrahimbegović1 addresses the various approaches and the related
complex issues involved.

The presentapproachis basedon gradientmethods that are equiv-
alent to perturbationmethods (e.g., Green et al.2), where � rst-order
perturbation analysis corresponds to � rst-order Taylor-series lin-
earization.Related to the present approach is the corotationalrealm
(for example, see Bathe and Ho3 and Peng and Cris� eld4).

The geometric stiffness matrix is derived by � rst performing a
load perturbationon the linear equilibrium shell equations with re-
spect to the local coordinatessystem to yield the in-planegeometric
stiffness matrix. Then out-of-plane considerations that involve the
effect of rigid-body rotations on member forces complete the lo-
cal geometric stiffness matrix formulation. As for stress retrieval,
the linear equations of elasticity are used throughout because of
the a priori removal of rigid-body rotations by a special procedure,
which is developed later. These two features make this approach
unique compared to other methods of similar general characteris-
tics. Finally a computer program featuring incrementalanalysisand
Newton’s method, geometric effects, pure deformations isolation,
internal stresses retrieval, and updating of nodal forces and coordi-
nates was coded to implement the derivationsdescribed herein and
used to solve a number of problems that appeared in the literature
with practically matching results.

II. Geometric Stiffness Matrix of
the Flat Triangular Shell Element

Load perturbationof the shell equilibrium equations leads to the
well-established de� nition of the geometric stiffness matrix as the
gradient with respect to the global coordinates of the nodal force
vector when stresses are held � xed.5 To circumvent the taking of
impossible derivativesof the three-dimensionalrotation matrix, the
loadperturbationmethodis appliedwith respectto localcoordinates.
In that case an additional out-of-plane effect has to be considered.
This out-of-plane effect is physically the change in the nodal force
vector as a result of the rigid-body rotation.The geometric stiffness
matrix is thus composed of four individual matrices, two in-plane
(IP) and two out-of-plane(OP) matrices for the membrane and plate
elements, respectively:
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A. In-Plane Contribution of the Flat Triangular Membrane Element
The nodal force vector of the simple plane stress triangular � nite

element (CST) that is described by Zienkiewicz6 is used as the
membrane element is given as

Fe D
t

2

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

bi ¾x C ci ¿xy

ci ¾y C bi ¿xy
:::

b j ¾x C c j ¿x y

c j ¾y C b j ¿x y
:::

bm¾x C cm ¿x y

cm¾y C bm ¿x y

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

row i

row j

row m

(2)

where the coef� cients br , cr r D i , j , m are explicitly de� ned in
Ref. 6; t is the thickness of the element; and ¾x , ¾y , ¿ are its
stresses. The gradient of Eq. (2) that is taken in a rather straightfor-
ward manner6 to yield a 6 £ 6 in-planecontributionto the geometric
stiffness matrix of the membrane is
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B. In-Plane Contribution of the Flat Triangular
Plate Bending Element

The discreteKirchhoff theory (DKT) triangularplate element that
is described by Batoz et al.7 is chosen to ful� ll the � exural needs of
the shell. The load perturbationof the element force vector for � xed
stresses is given in integral form as
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where » and ´ are the usual area coordinates; Bplate appears ex-
plicitly in Ref. 7; M D .t 3=12/DBplateqe D fMx x ; Myy ; Mx y gT ; and
qe D fw1 µx1 µy1 w2 µx2 µy2 w3 µx3 µy3g. The expressions for
the individual terms of the gradient were obtained in closed form
using symbolic algebra.

C. Out-of-Plane Contribution of the Flat Triangular
Membrane Element

The out-of-plane contribution can be computed using the rela-
tionship from rigid-body mechanics,8 which states that the change
in a vector G caused by a small rotation is given by

dG D ! £ G (5)

where ! is the rigid-body rotation vector caused by changes in
the geometry. Using a small rotations vector is in harmony with
perturbation theory and the � rst-order (gradient) de� nition of the
geometric stiffness matrix because the small rotations vector is a
one-term Taylor expansion of Euler’s � nite rotations pseudovector.
The componentsof the rigid-bodyrotationscan be obtainedin terms
of the joint displacements as

!x D [.c ¡ e/=ea]±i z ¡ .c=ea/± j z C .1=a/±mz

!y D .a=ea/±i z ¡ .a=ea/± j z; !z D µi z (6)

where ± j i D ± j z ¡ ±i z ; ±mi D ±mz ¡ ±iz ; and ±r z is the displacement in
the z direction of node r . The third component is chosen arbitrarily
as the local z rotation of node i . For the membrane this component
is included in Eq. (3) and is therefore taken as zero.

For each node the forces can be written as Fmem
r D Fr x i C Fry j

and the rotations for the whole element as !mem
r D !x i C !y j. Ap-

plying Eq. (5) yields the out-of-plane stiffness contribution of the
membrane:

dFe D [KG ]mem
OP ¢ ±e D

2

64
Fe mem

i

Fe mem
j

Fe mem
m

3

75 ! D Amem±e

D
£
Amem

i Amem
j Amem

m

¤
±e (7)

where Fe mem
r is a 6 £ 3 matrix with zero entries in the last three rows

and the cross product ¡Fmem
r £ ! in the � rst three rows.

D. Out-of-Plane Contribution of the Plate Element
The same procedure is used here as in the preceding section. For

each node the forces can be written as Fplate
r D Frzk and the mo-

ments as Mplate
r D Mrx i C Mr y j C Mrzk and rotations for the whole

element as !
plate
r D !x i C !y j C !zk. Applying Eq. (5) yields the

out-of-plane stiffness contribution [KG ]plate
OP of the plate that has the

same form as Eq. (7). Here Fe plate
r is a 6 £ 3 matrix with the cross

product ¡Fplate
r £ ! in the � rst three rows and the cross product

¡Mplate
r £ ! in the last three rows.

Fig. 1 Pure � exural rotations of the shell element.

III. Removal of Rigid-Body Rotations
If the conceptof small strainsand large rotations(in an incremen-

tal manner of course) is to be pursued literally, the stress retrieval
should follow from linear constitutiverelations, i.e., ¾ D D", for the
membrane, where ¾ comprises the stress components ¾x , ¾y , and
¿ and " comprises the strain components "x , "y , and °x y , respec-
tively, and M D .t 3=12/DBplate qe for the plate, where qe is the pure
local deformation vector free of rigid-body rotations and includes
one lateral displacement and two in-plane rotations at each node.
Obtaining qe constitutes a novel contribution and will be presented
in some detail.

Figure 1 describes two positions of a given element at two con-
secutive iterations k and k C 1 with normal unit vectors n and n0,
respectively.The rigid-body motion of the element is not fully de-
termined by the unit vector n0 because rotation about the element
plane is still possible given n0. Let the small deformational rotation
vector !i , which is actually the pure rotation at node i in global
coordinates,describe the rotation between the vector n0 and ni with
the properties

!i D arcsin.kni £ n0k/ ¢ ni £ n0

kni £ n0k
(8)

The pure rotations at the other elemental nodes j and m can be
computed relative to node i as

!r D !i C !r i ; r D j; m (9)

Here !r i describes the relative rotation of joint r with respect to
joint i and is the pseudovector form (Euler’s theorem; see Ref. 9)
of the compound rotations RT

j Ri . Let this now available compound
rotations matrix be called Ri j so that Ri j D RT

j Ri . Then the unit
vector describing the rigid-body rotation is given as5
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Finally, the relative rotation vector becomes

! ji D n¤
ji ® ji (13)

The pure rotationsvector is � nally transformedinto the present local
coordinate system.

IV. Examples
Five examples are included in this section. They were solved

using the computer program (SHELLNL) that was coded, and they
were chosenbecauseof their diversity:analytical,experimental,and
computational.

A. Spherical Shell
Leicester10 used Fourier transforms to solve the nonlinear differ-

entialequationsof a sphericalcap havinga squarebase whoseside is
61.8034in.,which originatesfroma sphereof radius R D 100 in. It is
subjected to a concentrated load at the crown with all edges hinged
and immovable. This example was run using a 10 £ 10 grid on a
quarter of the cap with the following physical and geometrical con-
stants: Young’s modulus E D 103 ksi, Poisson’s ratio º D 0:3, and a
thickness of 3.9154 in. Figure 2 shows how well results compare.

B. Shallow Spherical Shell: An Analytical Case
Mescall11 reported analytic results for large displacement analy-

sis of a spherical shallow shell subjected to a concentrated load at
the crown. Two cases of support conditions were considered: rigid
supports and vertically restrained supports. The geometry of the
shallow shell is drawn as the intersection of a cone whose tip lies
at the center of a shell of radius 4.76 in. and having a tip angle
of 21.8 deg. The thickness of the shell is taken as t D 0:01576 in.,
Young’s modulus E D 107 psi, and Poisson’s ratio º D 0:3. Figure 3
shows a comparison for the rigidly supported shell that strain hard-
ens and the vertically restrained shell that snaps.

Fig. 2 Displacement at crown of spherical shell.

Fig. 3 Displacements of Mescall’s shell.

Fig. 4 Displacements of Penning’s experiment.

Fig. 5 Open hemispherical shell.

Fig. 6 Open hemispherical shell.

C. Shallow Spherical Shell: An Experimental Case
Penning12 performed an experiment on a shallow spherical shell

with a circular base of 4.0 in. that is cut from a sphere of radius
19.8 in.The thicknessof the shell is takenas t D 0:01576in,Young’s
modulus E D 107 psi, and Poisson’s ratio º D 0:3. Results are dis-
played in Fig. 4.

D. Open Hemispherical Shell
A hemispherical shell (Fig. 5) with an 18-deg opening at the top

is loaded by two orthogonal pairs of diametrically opposite equal
forces. One pair is directed inwards, whereas the other pair is di-
rected outward. Using symmetry, only one-quarter of the shell was
loaded and modeled using 16 latitudesby 16 longitudes.In this case
E D 6:825 £ 106 mN/mm2; t D 0:04 mm; and Poisson’s ratio of 0.3.
Results are compared in Fig. 6 with those of Buechter and Ramm13

and Simo14 et al.

V. Conclusions
This Note showed that gradient methods can be used to form the

geometric stiffnessmatrix without recourse to methods of nonlinear
elasticity provided that small strains are incurred and that linear
relations for stress retrieval can be used because the isolation of
pure deformations,free of rigid-bodyrotations, is ensuredusing the
technique presented.
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The in-plane geometric stiffness matrix is a � rst-order lineariza-
tion of the perturbednodal forcevector in local coordinates;the out-
of-plane stiffness matrix is a � rst-order correction stemming from
the change in the nodal force vector caused by small rigid-body
rotations. This approach is thus � rst-order complete especially be-
causeNewton’s method is used for analysis.Althoughthis approach
depends on an a priori chosen linear elastic � nite element, it is in-
dependent of large strain formulations.
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